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1. Introduction
Lagrangewrote an important addendum [1] to Euler’s Algebra [2]were he presented his theory of binary quadratic forms.
Lagrange’s approachwas based on Euler’s study of periodic continued fractions, which in turnwas stimulated by Brouncker’s
answer to a question of Fermat on Pell’s equation. In 1880 A.A. Markoff completed his Magister Thesis in St.Petersburg
University devoted to the theory of binary quadratic forms of positive determinant. This was an outstanding research in
which A.A. Markoff presented his great discoveries in the field. The results were published in [3,4] exactly as they were
presented in the thesis. Later Markoff returned to this topic in [5]. Let
f (x, y) = ax2 + bxy+ cy2, D(f ) = b2 − 4ac
be an indefinite quadratic form of the determinant D(f ) considered as a function on the lattice S = (Z× Z) \ {(0, 0)}. Two
quadratic forms f and f equiv are called equivalent if there exist integersm, n, k, l,ml− nk = ±1, such that
f equiv(mx+ ny, kx+ ly) = f (x, y).
If D(f ) is not a perfect square in Z, then inf{|f (x, y)| : (x, y) ∈ S}, which we denote by inf(f ), is positive. Since equivalent
quadratic forms have equal determinants, the following functional is invariant
Mar(f ) =
√
D(f )
inf(f )
∗ Corresponding address: Eastern Mediterranean University, Department of Mathematics, via Mercin 10, 06836 Gazimagusa, North Cyprus, Turkey.
E-mail address: svk_49@yahoo.com.
1 FollowingMarkoff [A.A.Markoff, Sur une question de Jean Bernoulli,Math. Ann. 19 (1882), 27–36]we assume that Johann(III) Bernoulli= Jean Bernoulli.
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under the following transformations f → λf and f → f equiv . The range of Mar(f ) is called theMarkoff spectrum.
Reversing Lagrange’s arguments in [1] to return back to Euler we consider regular continued fractions. The Lagrange
function µ(ξ) is defined for irrational ξ as the supremum of c > 0 such that∣∣∣∣pq − ξ
∣∣∣∣ < 1cq2
has infinitely many solutions in integers p, q, q > 0. So, the greater the µ(ξ) is the better the ξ can be approximated by
rational numbers. The range of µ is called the Lagrange spectrum. Both spectra coincide in [0, 3], see [6].
Markoff proved that the Lagrange spectrum is discrete in [0, 3]with the only accumulation point 3. On the one hand any
ξ with µ(ξ) < 3 is a quadratic irrationality which is equivalent to the continued fraction
ξ(θ, δ) = 1
r1 +
1
r1 +
1
r2 +
1
r2 +
1
r3 +
1
r3 +···+
1
rn +
1
rn +···
, (1)
with δ = 0 and a rational θ , 1 6 θ 6 2. Here
rn = [(n+ 1)θ + δ] − [nθ + δ]
is a Jean Bernoulli sequencewhich Jean Bernoulli introduced in his treaty on Astronomy [7]. On the other handµ(ξ(θ, δ)) =
3 for irrational θ ∈ (1, 2). Hence there are transcendental numbers with µ(ξ) = 3. Moreover, they may be represented by
regular continued fractions (1), which are simply expressed via Jean Bernoulli sequences. These transcendental numbers, as
it follows from Markoff’s main result, in contrast to Liouville’s constant
L =
∞∑
n=0
10−n! = 1
9 +
1
11 +
1
99 +
1
1 +
1
10 +
1
9 +
1
999999999999 +
1
1 +···
are the worst transcendental numbers from the point of view of rational approximation. Markoff’s results were revised
several times and his proofs were considerably simplified by eliminating continued fractions, see [8]. However the price for
such a simplification is that a very important relationshipwith JeanBernoulli sequences just disappeared. The approach of [6]
strongly modifies the original Markoff’s argument since basically it is addressed to the study of the differences between two
spectra above 3. In this paper we sketch an approach which clarifies Markoff’s logic and his motivations. As an application
we give a simple algorithm for calculating the Lagrange spectrum below 3.
2. Motivations for Markoff’s result
The first values of the Lagrange spectrum can be calculated in an elementary way, see for instance [9]. These calculations
as well as further Markoff’s theory are based on the formulas going back to Euler and Lagrange∣∣∣∣ξ − PnQn
∣∣∣∣ = 1Q 2n · 1Qn−1Qn + ξn+1 ,
Qn−1
Qn
= 1
bn +···+
1
b1
, ξn+1 = bn+1 + 1bn+2 +··· (2)
µ(ξ) = lim sup
n
{(
1
bn +···+
1
b1
)
+ bn+1 +
(
1
bn+2 +
1
bn+3 +···
)}
. (3)
We define by m(r) the same quantity for sequences r = {rn}n∈Z. It looks like Markoff did such calculations for at least ten
first values to obtain the following table (it is given in an addendum to Markoff’s thesis):
ξ µ(ξ)
[1] √5 = 2.236067977 . . .
[2] √8 = 2.828427125 . . .
[22, 12]
√
221
5 = 2.973213749 . . .
[22, 14]
√
1517
13 = 2.996052630 . . .
[24, 12]
√
7565
29 = 2.999207188 . . .
[22, 16]
√
2600
17 = 2.999423243 . . .
[22, 18]
√
71285
89 = 2.999915834 . . .
[26, 12]
√
257045
169 = 2.999976658 . . .
[22, 12, 22, 14]
√
84680
97 = 2.999982286 . . .
[22, 110]
√
488597
233 = 2.999987720 . . .
The periods of the continued fractions given in the first column consist of repeating 1’s and 2’s. For any sequence r =
{. . . , r1, r2, r3, . . .} let r∗ = {. . . , r1, r1, r2, r2, r3, r3, . . .}. It is clear fromMarkoff’s remarks that he knew that Jean Bernoulli
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sequences are also sequences of two values. Therefore it is natural to check whether there is some relationship of the above
table with Jean Bernoulli sequences. Let us consider another table
ξ = r∗ → r θ {rn(θ, 0)}n∈Z
[1] θ = 1 [1]
[2] θ = 2 [2]
[2, 1] θ = 1+ 12 [2, 1][2, 12] θ = 1+ 13 [2, 12][22, 1] θ = 1+ 23 [22, 1][2, 13] θ = 1+ 14 [2, 13][2, 14] θ = 1+ 15 [2, 14][23, 1] θ = 1+ 34 [23, 1][2, 1, 2, 12] θ = 1+ 25 [2, 1, 2, 12][2, 15] θ = 1+ 16 [2, 15]
The first column is obtained from the first column of the previous table by the reduction r∗ → r . It is clear that this
observation strongly supports the natural conjecture that in fact the revealed coincidence is not accidental. After that using
ingeniously Lagrange’s identity
1
2+ g +
1
1 +
1
1+ g = 1. (4)
Markoff proved that ifm(r∗) < 3, then r is the so-called Markoff sequence:
Definition 2.1. An infinite integer sequence {rn}n∈Z is called a Markoff sequence if it satisfies the following properties
(1) the differences rn − rn+1 may have only values+1, 0,−1;
(2) if rn − rn+1 = +1, then the first nonzero term rn+1+p − rn−p in
rn+2 − rn−1, rn+3 − rn−2, . . . , rn+1+p − rn−p,
if exists, is positive;
(3) if rn − rn+1 = −1, then the first nonzero term rn+1+p − rn−p in
rn+2 − rn−1, rn+3 − rn−2, . . . , rn+1+p − rn−p,
if it exists, is negative.
Any Jean Bernoulli sequence is a Markoff sequence. The converse is not true. For instance the sequence r0 = 2, rn = 1 for
n 6= 0 is a Markoff sequence but is not a Jean Bernoulli sequence.
To study his sequences Markoff developed implicitly a special form of Differential and Integral Calculus. Let r (1)n =
rn(θ, δ), where 1 < θ < 2 has the following regular continued fraction
θ = 1+ 1
θ1
= 1+ 1
a1 +
1
θ2
= 1+ 1
a1 +
1
a2 +···+
.
The solutions nj = n(1)j to the equation r (1)n = 2 satisfy
nj+1 − nj = a1 + rj(1/θ2,−δθ1) = rj(a1 + 1/θ2,−δθ1) = rj(θ1,−δθ1).
The relationship between a sequence r = {rn}n∈Z of a and a+ 1, a being an integer, and a positive sequence s = {sk}k∈Z
rn = a+ 1⇐⇒ n = nk, nk+1 − nk = sk, k ∈ Z,
recalls the relationship between a function and its derivative. Adding a constant to r does not change s. Similarly shifts of r
do not influence s. Therefore we call s = ∂r the derivative of r . The derivative of any constant sequence is a zero sequence.
In terms of numbers this means ∂θ = θ1. For instance,
∂
26
19
= 19
7
, ∂
19
7
= 7
5
, ∂
7
5
= 5
2
, ∂
5
2
= 2, ∂2 = 0.
For the Golden Ratio
φ = 1+ 1
φ
= 1+ 1
1 +
1
φ
= . . . = 1+
√
5
2
= 1, 618 . . .
we obviously have ∂φ = φ.
Using this Calculus one can describe all Markoff sequences. Roughly speaking they split into Jean Bernoulli sequences
and iterated integrals of the exceptional sequences given above. This allows one to easily prove that µ(r) < 3 if and only if
r is a Bernoulli sequence corresponding to a rational θ . For irrational θ we have µ = 3.
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3. Jean Bernoulli and Markoff periods
There is also a problem of a practical calculation of the Lagrange spectrum below 3. Markoff related two extremal periods
in a periodic Jean Bernoulli sequence with the Diophantine equation x2 + y2 + z2 = 3xyz. In this paper we propose an
alternativemethodwhich is easy to apply. It is also based onMarkoff’s theory of the extremal periods, butwith Jean Bernoulli
sequence we can find these periods and hence the Lagrange spectrum very easily.
Theorem 3.1. If θ = [θ ]+p/q, p/q < 1, (p, q) = 1, then the part of the period {r1, r2, . . . , rq−2} of {rn(θ, 0)}n∈Z is symmetric:
r−k(θ) = rq−k(θ) = rk−1(θ), k = 2, 3, . . . , q− 1. (5)
If θ ∈ Q \ Z, then {rn(θ)}n∈Z is a periodic sequence of a = [θ ] and a + 1 with p numbers a + 1 in the period of length q,
where {θ} = p/q. The period
JB(r) = JB : a+ 1 a r1 r2 . . . rq−2 (6)
corresponding to n = −1, . . . , q− 2, is called the Jean Bernoulli period of r = {rn(θ)}n∈Z. Notice that by Theorem 3.1 its part
{r1, r2, . . . , rq−2} is symmetric. In his thesis [1880] Markoff introduced two other important periods:
Π1 : a+ 1 r1 r2 . . . rq−2 a
Π2 : a r1 r2 . . . rq−2 a+ 1. (7)
We call periodΠ1 the first Markoff period andΠ2 the secondMarkoff period. Both theMarkoff periods can be easily calculated
from the period JB. It is clear thatΠ2 is obtained from JB by a one-step shift along r to the right. HenceΠ2 is also a period of
r . This period has the following extremal property discovered by Markoff.
Lemma 3.2. If 0 < θ ∈ Q \ Z then Π2 is the only period of r such that for any other period r∗0 , r∗1 , . . . r∗q−1 the first nonzero
term in
a− r∗0 , r1 − r∗1 , . . . , a+ 1− r∗q−1 (8)
is−1 and the last nonzero term is+1.
The fact thatΠ1 is a period of r is not so obvious. For instance for θ = 26/19 it begins at the marked place of JB:
JB = {2, 1, 1, 2, 1, 1, 2, 1, 1, 2•, 1, 2, 1, 1, 2, 1, 1, 2, 1, }
Π2 = {1, 1, 2, 1, 1, 2, 1, 1, 2, 1, 2, 1, 1, 2, 1, 1, 2, 1, 2, }
Π1 = {2, 1, 2, 1, 1, 2, 1, 1, 2, 1, 2, 1, 1, 2, 1, 1, 2, 1, 1, }.
By Lemma 3.2Π2, which is a one-step shift of JB has an extremal property. Using Markoff’s Calculus one can prove thatΠ1
satisfies a symmetric extremal property as that ofΠ2, then it becomes possible to relate this period with JB.
4. Calculation of the Lagrange spectrum
Let us consider the first Markoff periodΠ1 = {α1, α2, . . . , αq−1, αq}, α1 = 2, αq = 1, α2 = αq−1, α3 = αq−2, . . . of r .
Theorem 4.1 (Markoff [4]). For any nonconstant Jean Bernoulli sequence r2
m(r∗) =
√
9− 4
Q 2
, (9)
where
P
Q
= α1 + 1
αq +
1
αq +
1
αq−1 +
1
αq−1 +···+
1
α2 +
1
α2 +
1
α1
.
Theorem 4.1 follows from the formula
m(r∗) = x+ α1 + 1
α1 + y , (10)
where
x = 1
αq +
1
αq +
1
αq−1 +
1
αq−1 +···+
1
α2 +
1
α2 +
1
α1 +
1
α1 + x ,
y = 1
α2 +
1
α2 +
1
α3 +
1
α3 +···+
1
αq +
1
αq +
1
α1 +
1
α1 + y .
In turn (10) is a corollary of the extremal properties of Markoff’s periods stated in Lemma 3.2.
2 Notice, that for Q = 1m = √5 and for Q = 2m = √8.
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Formula (9) parameterizes the Lagrange spectrum via the parameters of Π1. By (7) these parameters can be recovered
from JB(r). It follows that the Lagrange spectrum is parameterized by the rational numbers p/q in [1, 2]
p
q
−→ P
Q
= 2+ 1
1 +
1
1 +
1
r1 +
1
r1 +···+
1
rq−2 +
1
rq−2 +
1
2
,
where rj = rj(p/q, 0). The above formula for P/Q can be simplified:
P
Q
= 3− Q
′
Q
= 3− 1
2 +
1
r1 +
1
r1 +···+
1
rq−2 +
1
rq−2 +
1
2
.
p/q JB P/Q m(r∗)
1/1 {1} 1/1 2.23606797749978 . . .
2/1 {2} 5/2 2.82842712474619 . . .
3/2 {2, 1} 13/5 2.97321374946370 . . .
4/3 {2, 12} 34/13 2.99605262986929 . . .
5/3 {2, 1, 2} 75/29 2.99920718814683 . . .
5/4 {2, 13} 89/34 2.99942324328987 . . .
6/5 {2, 14} 233/89 2.99991583436200 . . .
7/4 {2, 1, 22} 437/169 2.99997665805608 . . .
7/5 {2, 12, 2, 1} 507/194 2.99998228641102 . . .
7/6 {2, 15} 610/233 2.99998772001637 . . .
8/5 {2, 1, 2, 1, 2} 1120/433 2.99999644423373 . . .
8/7 {2, 16} 1597/610 2.99999820836639 . . .
9/5 {2, 1, 23} 2547/985 2.99999931287408 . . .
9/7 {2, 13, 2, 12} 3468/1325 2.99999962026816 . . .
9/8 {2, 17} 4181/1597 2.99999973860400 . . .
10/7 {2, 12, 2, 1, 2, 1} 7571/2897 2.99999992056502 . . .
10/9 {2, 18} 10946/4181 2.99999996186283 . . .
11/6 {2, 1, 24} 14845/5741 2.99999997977289 . . .
11/7 {2, 1, 2, 1, 2, 1, 2} 10946/6466 2.99999998405452 . . .
11/8 {2, 12, 2, 12, 2, 1} 19760/7561 2.99999998833861 . . .
11/9 {2, 14, 2, 13} 23763/9077 2.99999999190859 . . .
11/10 {2, 19} 28657/10946 2.99999999443586 . . .
12/7 {2, 1, 22, 1, 22} 38014/14701 2.99999999691528 . . .
12/11 {2, 110} 75025/28657 2.99999999918820 . . .
13/7 {2, 1, 25} 86523/33461 2.99999999940456 . . .
13/8 {2, 1, 2, 1, 22, 1, 2} 97427/37666 2.99999999953009 . . .
13/9 {2, 1, 2, 2, 1, 2, 1, 2, 1} 113058/43261 2.99999999964378 . . .
13/10 {2, 13, 2, 12, 2, 12} 135163/51641 2.99999999975001 . . .
13/11 {2, 15, 2, 14} 162867/62210 2.99999999982773 . . .
13/12 {2, 111} 196418/75025 2.99999999988156 . . .
14/9 {{2, 1}4, 2} 249755/96557 2.99999999992849 . . .
14/13 {2, 112} 514229/196418 2.99999999998271 . . .
15/8 {2, 1, 26} 504293/195025 2.99999999998247 . . .
15/11 {2, 12, 2, 12, 2, 12, 2, 1} 770133/294685 2.99999999999232 . . .
15/13 {2, 16, 2, 15} 1116300/426389 2.99999999999633 . . .
15/14 {2, 113} 1346269/514229 2.99999999999747 . . .
16/9 {2, 1, 23, 1, 23} 1291324/499493 2.99999999999732 . . .
16/11 {2, 12, {2, 1}4} 1688299/646018 2.99999999999840 . . .
16/13 {2, 14, 2, 13, 2, 13} 2423593/925765 2.99999999999922 . . .
16/15 {2, 14, 2, 13, 2, 13} 3524578/1346269 2.99999999999963 . . .
17/9 {2, 1, 27} 2939235/1136689 2.99999999999948 . . .
17/10 {2, 1, 22, 1, 22, 1, 22} 3306781/1278818 2.99999999999959 . . .
17/11 {{2, 1}5, 2} 3729600/1441889 2.99999999999967 . . .
17/12 {2, 12, 2, 1, 2, 12, {2, 1}2} 4406309/1686049 2.99999999999976 . . .
The rational numbers in the first column are ordered lexicographically, i.e. p/q ≺ r/s if either p < r or p = r and
q < s. Combining this order with (9) and (10), we can easily find the first points of the Lagrange spectrum. The mapping
p/q → m(r∗) increases up to 15/8. Further calculations reveal a shift in the block of equal p’s. To control the overlapping
blocks one can apply the inequality
3− 1.25 · φ−4q < m(r∗),
which is true for Bernoulli sequences r of period q.
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